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Engr	154		Exam	Note	Sheet				updated	s20	

2/2	Rectilinear	Motion	
Fundamental	Kinematics	Equations:	

ሺ1ሻ				ݒ ൌ
ௗ௦

ௗ௧
ൌ 			ሶݏ

ሺ2ሻ				ܽ ൌ 	 ௗ௩
ௗ௧
ൌ ሶݒ ൌ ௗమ௦

ௗ௧మ
ൌ 	ሷݏ

ሺ3ሻ				ݒ	ݒ݀ ൌ 	ݏ݀	ܽ
	

When	a	is	constant:		
ݒ ൌ ௢ݒ ൅ 	ݐܽ

ݏ ൌ ௢ݏ ൅ ݐ௢ݒ ൅
ଵ
ଶ
	ଶݐܽ

ଶݒ ൌ ௢ଶݒ ൅ 2ܽሺݏ െ 	௢ሻݏ
If	a	is	not	constant,	use	one	of	the	fundamental	
kinematic	equations	and	appropriately	
integrate/differentiate.	

2/5	Normal	and	Tangential	Coordinates	(n‐t)	
ܞ ൌ ܜ܍ݒ ൌ 	ܜ܍ሶߚߩ

܉ ൌ ሶܞ ൌ ܽ௧ܜ܍ ൅ ܽ௡ܖ܍ ൌ ܜ܍ሶݒ ൅ ർ
ଶݒ
ߩ ฬߚߩଶሶ ฬߚݒሶ඀ 	ܖ܍

	
Circular	motion:	

ߩ → ,ݎ ሶߚ → ሶߠ 		;				
ݒ ൌ ሶߠݎ 	
ܽ௧ ൌ ሶݒ ൌ ሷߠݎ , ܽ௡ ൌ ଶݒ ⁄ݎ ൌ ሶߠݎ ଶ ൌ ሶߠݒ 	

2/3	Plane	Curvilinear	Motion	

ܞ ൌ
ܚ݀
ݐ݀

ൌ 		ሶܚ

܉ ൌ
ܞ݀
ݐ݀

ൌ ሶܞ 		

2/6	Polar	Coordinates	(r‐)	
ܚ ൌ 	ܚ܍ݎ

ܞ ൌ ܚ܍௥ݒ ൅ ી܍ఏݒ ൌ ܚ܍ሶݎ ൅ 	ી܍ሶߠݎ

܉ ൌ ܽ௥ܚ܍ ൅ ܽఏ܍ી ൌ ൫ݎሷ െ ሶߠݎ ଶ൯ܚ܍ ൅ ൫ߠݎሷ ൅ ી܍ሶ൯ߠሶݎ2

2/4	Rectilinear	Coordinates	
ܚ ൌ ଍̂ݔ ൅ 	଎̂ݕ
ܞ ൌ ሶܚ ൌ ሶݔ ଍̂ ൅ ሶݕ ଎̂ ൌ ௫଍̂ݒ ൅ 	௬଎̂ݒ

܉ ൌ ሶܞ ൌ ሷܚ ൌ ሷݔ ଍̂ ൅ ሷݕ ଎̂ ൌ ܽ௫଍̂ ൅ ܽ௬଎̂	

Speed	(magnitude	of	velocity):			ݒ ൌ ටݒ௫ଶ ൅ 	௬ଶݒ

Direction	of	motion:			tan ߠ ൌ
௩೤
௩ೣ
	

Acceleration			ܽ ൌ ටܽ௫ଶ ൅ ܽ௬ଶ	

2/8	Relative	Motion	
ۯܚ ൌ ۰ܚ ൅ 	۰/ۯܚ

ۯܞ ൌ ۰ܞ ൅ 	۰/ۯܞ

ۯ܉ ൌ ۰܉ ൅ 	۰/ۯ܉

	

Projectile	Motion	
initial	position	(xo,	yo),	initial	velocity	vo:	
ܽ௫ ൌ 0	 ܽ௬ ൌ െ݃	

௫ݒ ൌ 	௢,௫ݒ ௬ݒ ൌ ௢,௬ݒ െ 	ݐ݃

ݔ ൌ ௢ݔ ൅ 	ݐ௢,௫ݒ ݕ ൌ ௢ݕ ൅ ݐ௢,௬ݒ െ
భ
మ
	ଶݐ݃

Also:			൫ݒ௬൯
ଶ
ൌ ൫ݒ௢,௬൯

ଶ
െ 2݃ሺݕ െ 	௢ሻݕ

2/9	Constrained	Motion	
Cable/Pulley	Systems:		write	cable	length(s)	–	or	other	

dimensions	that	remain	constant	–	in	terms	of	
variable	distances.	Cable	length	L	is	constant;	its	
derivative	is:	
ሶܮ ൌ 0 ൌ 	.ݏ݁ܿ݊ܽݐݏ݅݀	݈ܾ݁ܽ݅ݎܽݒ	݂݋	ݏ݁ݒ݅ݐܽݒ݅ݎ݁݀

Alternate:	Use	differential	movement	ds	of	a	point	on	
cable,	and	how	ds	promulgated	to	various	points	on	
the	cable/around	pulleys,	etc.		v=ds/dt.	

The	same	vector	can	be	represented	in	different	
coordinate	systems	(x‐y),	(n‐t),	(r‐).		
Lay	out	the	same	vector	in	different	coordinate	
systems.	Use	vector	geometry/trigonometry	to	
determine	sides	of	the	vector	triangle	in	different	
coordinate	systems.	

ܚ ൌ ଍̂ݔ ൅ ଎̂ݕ ൌ 	ܚ܍ݎ

ܞ ൌ ௫଍̂ݒ ൅ ௬଎̂ݒ ൌ ܜ܍ݒ ൌ ܚ܍௥ݒ ൅ 	ી܍ఏݒ

܉ ൌ ܽ௫଍̂ ൅ ܽ௬଎̂ ൌ ܽ௧ܜ܍ ൅ ܽ௡ܖ܍ ൌ ܽ௥ܚ܍ ൅ ܽఏ܍ી	

	
	
The	magnitude	of	a	vector	is	the	same	in	any	
coordinate	system,	e.g.,	the	magnitude	of	the	velocity	
and	acceleration	are,	respectively:	

ݒ ൌ ටݒ௫ଶ ൅ ௬ଶݒ ൌ ௧ݒ ൌ ටݒ௥ଶ ൅ ఏݒ
ଶ	

ܽ ൌ ටܽ௫ଶ ൅ ܽ௬ଶ ൌ ටܽ௧
ଶ ൅ ܽ௡ଶ ൌ ටܽ௥ଶ ൅ ܽఏ

ଶ	

	



DJD s20 

Chapter	3:	Kinetics	of	Particles	

3/4	Rectilinear	Motion	

෍۴ ൌ 	܉݉

Σܨ௫ ൌ ݉ܽ௫						Σܨ௬ ൌ ݉ܽ௬						Σܨ௭ ൌ ݉ܽ௭	

หΣ۴ห ൌ ටሺΣܨ௫ሻଶ ൅ ൫Σܨ௬൯
ଶ
൅ ሺΣܨ௭ሻଶ				

ܽ ൌ ටܽ௫ଶ ൅ ܽ௬ଶ ൅ ܽ௭ଶ							

3/7	Potential	Energy	

௚ܸ ൌ ݄݉݃	 Δ ௚ܸ ൌ ݉݃ሺΔ݄ሻ	

௘ܸ ൌ
ଵ

ଶ
	ଶݔ݇ Δ ௘ܸ ൌ

ଵ

ଶ
݇ሺݔଶ

ଶ െ ଵݔ
ଶሻ;			x=displ.	of	spring	

from	equilib.	
Work‐Energy	Equation	
Work	of	all	non‐conserv.	forces	ܷ௡௖	equals	change	in	
mechanical	energy	ܧ ൌ 	ܶ ൅ ௚ܸ ൅ ௘ܸ	

ܷ௡௖ ൌ Δܶ ൅ Δ ௚ܸ ൅ Δ ௘ܸ ൌ Δܧ	
ଶܧ ൌ ଵܧ ൅ ܷ௡௖	

3/5	Plane	Curvilinear	Motion	
Rectangular	

Σܨ௫ ൌ ݉ܽ௫	 ܽ௫ ൌ ሷݔ 	
Σܨ௬ ൌ ݉ܽ௬	 ܽ௬ ൌ ሷݕ 	

Normal‐Tangential	

Σܨ௡ ൌ ݉ܽ௡	 ܽ௡ ൌ ଶݒ ⁄ߩ ൌ ሶଶߚߩ ൌ ሶߚݒ 	
Σܨ௧ ൌ ݉ܽ௧	 ܽ௧ ൌ ሶݒ 	

Polar	
Σܨ௥ ൌ ݉ܽ௥	 ܽ௥ ൌ ሷݎ െ ሶߠݎ ଶ	
Σܨఏ ൌ ݉ܽఏ	 ܽఏ ൌ ሷߠݎ ൅ ሶߠሶݎ2 	

3/8	Linear	Impulse	and	Linear	Momentum	
۵ ൌ 	ܞ݉
Σ۴ ൌ ۵ሶ ൌ ሶܞ݉ ;			(external	forces)	

Σܨ௫ ൌ ሶ௫ܩ ൌ ௬ܨΣ				ሶ௫;ݒ݉ ൌ ௭ܨΣ				ሶ௬;ܩ ൌ 	ሶ௭ܩ

න Σ۴
௧మ

௧భ

ݐ݀ ൌ Δ۵ ൌ ݉Δܞ	

۵ଶ ൌ ۵ଵ ൅ න Σ۴
௧మ

௧భ

	ݐ݀

Collisions:	G	of	system	conserved	if	no	external	force.

3/6	Work	and	Kinetic	Energy	
Work	done	by	force	F	during	displacement	dr:	
ܷ݀ ൌ ۴ ⋅ 	ܚ݀

Work	done	by	force	F	during	finite	motion	(1)	to	(2):	

ଵܷିଶ ൌ න ۴ ⋅ ܚ݀
ଶ

ଵ
ൌ න ሺܨ௫݀ݔሻ ൅ ൫ܨ௬݀ݕ൯ ൅ ሺܨ௭݀ݖሻ

ଶ

ଵ
	

Work	done	by	constant	force	P	moving	distance	s	

ܷ௉ ൌ න ۴ ⋅ ܚ݀
ଶ

ଵ
ൌ ܲΔݏ	

Work	done	by	spring	force	on	object	

௦ܷ ൌ න ۴ ⋅ ܚ݀
ଶ

ଵ
ൌ െ

1
2
݇ሺݔଶ

ଶ െ ଵݔ
ଶሻ ൌ

1
2
݇ሺݔଵ

ଶ െ ଶݔ
ଶሻ	

Work	done	by	gravity	(near	earth)	

௚ܷ ൌ න ۴ ⋅ ܚ݀
ଶ

ଵ
ൌ െ݉݃ሺݕଶ െ ଵሻݕ ൌ ݉݃ሺݕଵ െ 	ଶሻݕ

Work	done	by	gravity	(far	from	earth)	

௚ܷ ൌ න ۴ ⋅ ܚ݀
ଶ

ଵ
ൌ ௘ܴ݉ଶ݉ܩ ൬

1
ଶݎ
െ
1
ଵݎ
൰	

Work‐Kinetic	Energy	Theorem	

ଵܷିଶ ൌ ׬ ۴ ⋅ ܚ݀
ଶ
ଵ ൌ ׬ ሺܨ௧݀ݏሻ ൌ ׬ ሺ݉ܽ௧݀ݏሻ

ଶ
ଵ

ଶ
ଵ ൌ

׬ ሺ݉ݒ݀ݒሻ
ଶ
ଵ ൌ

ଵ

ଶ
݉ሺݒଶ

ଶ െ ଵݒ
ଶሻ ൌ ଶܶ െ ଵܶ		

Work	done	by	all	forces	on	mass	equals	T:	

ଵܷିଶ ൌ Δܶ	
Power	

ܲ ൌ ۴ ⋅ ܞ ൌ
ܷ݀
ݐ݀
	

Efficiency:	

݁ ൌ
௉೚ೠ೟
௉೔೙

							Overall	Efficiency:		݁ ൌ ݁௠݁௘݁௧	

3/9	Angular	Impulse	and	Angular	Momentum	
۶௢ ൌ ܚ ൈ 	ܞ݉

۶௢ ൌ ݉൫ݒݕ௭ െ ௬൯଍̂ݒݖ ൅ ݉ሺݒݖ௫ െ ௭ሻ଎̂ݒݔ ൅ ݉൫ݒݔ௬ െ መܓ௫൯ݒݕ
	

Σۻை ൌ ۶ሶ ௢ ൌ ܚ ൈ ሶܞ݉ 			(external	moments)	
Σܯை௫ ൌ ை௬ܯΣ				ሶை௫;ܪ ൌ ை௭ܯΣ				ሶை௬;ܪ ൌ 	ሶை௭ܪ

න Σۻை

௧మ

௧భ

ݐ݀ ൌ Δ۶௢	

൫۶௢൯ଶ ൌ ൫۶௢൯ଵ ൅ න Σۻை

௧మ

௧భ

	ݐ݀

Collisions:	۶௢	of	system	conserved	if	no	external	moment.	
	

3/12	Impact	
Coefficient	of	Restitution	

݁ ൌ
ଶݒ
ᇱ െ ଵݒ

ᇱ

ଵݒ െ ଶݒ
	

Only	affects	velocity	normal	to	impact	plane.	
	

Collisions:	
G	of	system	conserved	if	no	net	external	force	on	system	
۶௢	of	system	conserved	if	no	net	external	moment	

Elastic:	objects	bounce;	energy	conserved:		Ti	=	Tf	

Inelastic:	objects	stick;	energy	not	cons’d:				ܞଵᇱ ൌ ଶܞ
ᇱ 	

Impact:	objects	bounce;	energy	not	cons’d:		݁ ൌ
௩మ
ᇲି௩భ

ᇲ

௩భି௩మ
	

	

Units	
Work:	 1	J	=	1	N·m	
Energy:	 1	W=	1	J/s;			1	hp	=	550	ft‐lb/sec	=	746	W	
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Chapter	5:	Kinematics	of	Planar	Motion	 Chapter	6:	Kinematics	of	Planar	Motion	(x‐y	plane)	

5/2	Rotation	
Fundamental	Kinematics	Equations	–	Angular	Motion	
			(analogous	to	linear	motion)	

ሺ1ሻ				߱ ൌ
ௗఏ

ௗ௧
ൌ ሶߠ 			

ሺ2ሻ				ߙ ൌ 	 ௗఠ
ௗ௧
ൌ ሶ߱ ൌ ௗమఏ

ௗ௧మ
ൌ ሷߠ 	

ሺ3ሻ				߱݀߱ ൌ 	ߠ݀	ߙ
	

When		is	constant:		
߱ ൌ ߱௢ ൅ 	ݐߙ

ߠ ൌ ௢ߠ ൅ ߱௢ݐ ൅
ଵ
ଶ
	ଶݐߙ

߱ଶ ൌ ߱௢ଶ ൅ ߠሺߙ2 െ 	௢ሻߠ
If		is	not	constant,	use	one	of	the	fundamental	
kinematic	equations	and	appropriately	
integrate/differentiate.	
	
Vector	Algebra	for	motion	of	Point	A	about	a	fixed	axis	
through	Point	O	(relative	to	Point	O)		

࡭ܞ ൌ ૑ ൈ ܚ ൌ 	.A	Pt	to	0	Pt	from		is		r									࢚܍ݎ߱

࡭܉ ൌ ࢚܉ 		൅ ࢔܉		 			ൌ				࢚܍ݎߙ 	൅ 	߱ଶ࢔܍ݎ	

						ൌ	હ ൈ ૑		൅		ܚ ൈ ൫૑ ൈ 	൯ܚ

6/2	General	Plane	Motion	Equations	

∑ ۴ ൌ 		܉݉

Σܨ௫ ൌ ݉ܽ௫						Σܨ௬ ൌ ݉ܽ௬							

หΣ۴ห ൌ ටሺΣܨ௫ሻଶ ൅ ൫Σܨ௬൯
ଶ
				

ܽ ൌ ටܽ௫ଶ ൅ ܽ௬ଶ							

	
Assuming	rotation	only	about	z‐axis,	only	need	use	
scalar	version	of	moment,	etc.	
	

Moments	about	Center	of	Mass	Pt.	G:	

ீܯ∑ ൌ ܫீ α		

Moments	about	non‐accelerating	or	fixed	Point	O:	

ைܯ∑ ൌ 		ைαܫ

Moments	about	arbitrary	Point	P:	

௉ܯ∑ ൌ ܫீ α ൅ ݉ܽீ݀		

where	aG	is	the	magnitude	of	acceleration	of	
C.O.M.,	and	d	is	the	perpendicular	distance	
from	point	P	to	the	line	of	action	of	ܽீ	

5/3	Absolution	Motion	
 Define	geometry	in	terms	of	linear	&	angular	positions.	
 Take	derivative	to	relate	linear	&	angular	velocities.	
 Take	derivative	to	relate	linear	&	angular	accelerations.	

e.g.,	in	a	triangle,		
ݕ ൌ ߠ݊ܽݐݔ ሶݕ… ൌ ߠ݊ܽݐሶݔ ൅ 	ሶ൯ߠ൫ߠଶܿ݁ݏݔ

	

Moments	about	arbitrary	Point	P:	

۾ۻ∑ ൌ ௉હܫ ൅ ࡳ࣋ ൈ 		ܘ܉݉

where:	
હ				is	the	vector	angular	acceleration,		
	G	Pt.		to		P	Pt.	from	position	vector	is		ࡳ࣋

	P	Pt.	of	acceleration	vector	is		ܘ܉

5/4	Relative	Velocity,				5/6	Relative	Acceleration	
࡭ܞ ൌ ࡮ܞ ൅ ࡮/࡭ܞ ൌ ࡮ܞ ൅ ૑࡮࡭ ൈ 				࡮/࡭ܚ

࡭܉ ൌ ࡮܉ ൅ ࡮/࡭܉ ൌ ࡮܉ ൅ ቀ࡮/࡭܉ቁ
࢚
൅ ቀ࡮/࡭܉ቁ

࢔
				

						ൌ ࡮܉ ൅ ࢚܍ݎߙ 	൅ 	߱ଶ࢔܍ݎ	

Generally,	the	vectors	are	broken	up	into	x‐	and	y‐	
components.	Be	careful	about	directions!	

6/3	Translation	
∑ ۴ ൌ ீܯ∑						;						܉݉ ൌ 0	

6/4	Fixed‐Axis	Rotation	
∑۴ ൌ ீܯ∑						;						܉݉ ൌ ܫீ α					;					∑ܯை ൌ 	ைαܫ

6/5	General	Motion	
∑۴ ൌ ீܯ∑						;						܉݉ ൌ ܫீ α					;					∑ܯ௣ equations	

5/5	Instantaneous	Center	of	Zero	Velocity	
 Construct	lines	perpendicular	to	two	(or	more)	

velocities	on	a	rigid	body	
 Intersection	of	constructed	lines	is	ICOZV	(Pt	C)	
 Velocity	of	any	Pt	A	on	the	rigid	body	is	equal	in	

magnitude	to	:		ݒ஺ ൌ 	is	and		஺/ைݎ߱	
perpendicular	to	the	vector	from	Pt.	O	to	Pt.	A;	
i.e.,:		࡭ܞ ൌ ૑ ൈ 	ࡻ/࡭ܚ

	

Moments	of	Inertia	for	basic	shapes:	
Slender	Bar	about	COM;				Slender	Bar	about	end	

݈݉ଶ

12
																																	

݈݉ଶ

3
	

Cylindrical	Disk									 Sphere	 	
ܴ݉ଶ

2
																																	

2
5
ܴ݉ଶ	

			
Parallel	Axis	Theorem:	 ܫ ൌ ܫீ ൅ ݉݀ଶ	

Radius	of	Gyration:	 ܫ ൌ ݉݇ଶ	
	


